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ABSTRACT

In "Bolyai-Lobachevsky Planes with Finite Lines,"

B. J. Topel Presented seven axioms for a hyperbolic plane and

then proved there were no finite hyperbolic planes.

This paper

begins by reviewing Topel* s article.

Graves presented a different set of axioms for a finite

hyperbolic plane in "A Finite Bolyai-Lobachevsky Plane."
purpose of this paper is two-fold.

The

First, the problem of developing

a new method of constructing a finite hyperbolic plane under

Graves* axioms is considered; and second, work dona by other authors
in constructing finite hyperbolic planes is reviewed.

In the first chapter it is proven that if a difference

set is obtained for the quadratic residues mod p, then a finite
hyperbolic plane can be obtained.

It is also noted that if H|

is a subgroup of the multiplicative group of GF(p) and if there
exists a difference set for each of the following!

Hr + lU^+zU-U^. H2r + t U2(J ...

u
a coset of

...

• ••-0 H&; some arrangement of the cosets where

is

for l&iim, m is the index of H., H.

j,

H

if i

and r divides m; then a finite hyperbolic plane can be obtained.

In the second chapter, four other methods of constructing
finite hyperbolic planes due to D. W. Crowe, T. G. Ostrom, R. Sandler,
and Esther Seiden are presented.
iv

INTRODUCTION

In 1944, B. J. Topel presented seven axioms for a

Bolyai-Lobachevsky plane.

A finite Bolyai-Lobachevsky plane

will hereafter be referred to as. a finite hyperbolic plane.

He proved that under his axioms there were no finite hyper
bolic planes.

In1961, L. M. Graves presenteda new set of axioms

for a finite hyperbolic plane, and several examples and methods

of construction of examples have been found.

The purpose of

this paper is to present the substance of Topel’s and Graves’
articles; and, using Graves* axioms, to develop a new method of

construction of finite hyperbolic planes by difference sets, to
present several examples of finite hyperbolic planes, and, finally,
in chapter two, to present other known methods of construction

of finite hyperbolic planes.
Throughout this paper points will be denoted by A, £, ...;

lines will be denoted by a, b, ...; and planes or geometries will
be denoted by

0, ... .

An undefined relation of incidence is assumed between

points and lines of planes and geometries.

1

CHAPTER ONE

In 1944, in "Bolyai-Lobachevsky Planes with Finite
Lines,B» J. Topel presented these axioms for a hyperbolic

plane:

Al.

Twopoints determine a unique line.

A2.

On each line there are at least two distinct
points.

A3«

There exist three points not all on the same
line.

A4.

Through a point outside of two nonintersecting
lines & and b there is a line intersecting
but
not

A5«

Through a point outside of two nonintersecting
lines a and k there is a line intersecting neither
A nor

A6o

For three collinear points, at least one lies
between the other two. The point £ is said to
lie between the points A -and £ df and only if
each line through £ meets at least one of each
two intersecting lines of which one passes through
4 and the other through £.

A?.

Through a point outside of a line a, there exist
at least two lines which do not inters ect ^.

■

.

51

'

Topel then defines a hyperbolic plane to be homogeneous
if any two lines contain the same number of points.

This will

hereafter be referred to as T-homogeneous.

$B. J. Topel, "Bolyai-Lobachevsky Planes with Finite

Lines," Reports of a Mathematical Colloquium. Second Series.
Notre Dame, Ind., V-VI (1944),40-42.
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As a consequence of his seven axioms, Topel proves

there are no finite hyperbolic planes (finite in the sens.e of
a finite number of lines and a finite number of points on each
line).

His major tool in doing this is the lemmas

between A and £»

Let .a,

and & be three nonintersecting lines

passing through A, £» and £ respectively.
£ contains more points than

heavily on axioms A4 and A6.

Let £ lie

If £ is finite, then

To prove this lemma, Topel relies
(Later on he states that there are

examples of homogeneous and inhomogeneous planes with finite

lines that satisfy postulates Al, A2, A3, A4, A5, and A?.)

As

a direct consequence of this lemma, it is seen that there are
no homogeneous planes with finite lines containing more than

two points.

To give the rest of Topel*s results, a few definitions
are required.

A line A containing a finite number of points is called
1
minimal if there exists no line containing fewer points than

A point £ is called an end point of a line & if it does

not lie between any two points of

Topel then develops two lemmas.

In an inhomogeneous plane with finite lines, there

exists a minimal line which intersects a non-minimal line &

4

in an end point of fc®

If the points

gg,

of a line b are ordered

by the betweenness relation, and if £ is a line intersecting &

at an end point of
as

then .a contains at least as many points

(Topelmentionsthat Jenks had proved earlier that any

line with more than four points can be ordered by the betweenness
relation®)

Now, as a consequence of these two lemmas, it is easy

to see that in an inhomogeneous plane each line is infinite®
Thus using the seven axioms that Topel presented there are no

T-homogeneous or non-T-homogeneous finite hyperbolic planes®

As opposed to Topel’s axioms, we have Graves* axioms

for a finite hyperbolic plane:

“Al®

The plane f is a finite collection of elements
called points (denoted by capital letters)®

A2®

There are certain distinguished subsets of the
plane f9 called lines, (denoted by small letters).

A3®

There are at least two. points on each line®.

A4®

Two distinct points A and £ lie on one and only
one line ®

A5®

The plane
contains at least four points, no three
of which lie on a line®

Ab®

If a subset of f contains three points not on
a line« and contains all the lines through any
pair of its points, then that subset contains all
the points of ^®

A7®

Through each point X not on a line k there pass

5

at least two lines not meeting

"2

Graves defines a plane to be homogeneous if, for each

pair of points, there is a collineation carrying the first to
the second.

This will hereafter be referred to as G-homogeneous.

The remainder of this paper will concern finite hyper

bolic planes as defined by Graves.
As a consequence of Graves* axioms we have the following

theorems.

jtessaJL
2
If there are n + 1 points on a line and 2n + 2n + 1
points in a hyperbolic plane, then there are 2(n + 1) lines

through a point and 2(2n^ + 2n + 1) lines.
Proofs
p

Let A be a point.

There are 2n

each of which determines a line with

+ 2n other points,

Therefore there exist

2
2n + 2n lines through A, not necessarily distinct,

these points lie on the same line.

n + 1 of

But A lies on all of the

p

lines.

Therefore n of the 2n

there are

2n2 4- 2n =

2(n + 1)

+ 2n points are collinear. So
lines through A»

There are

n
2n2 + 2n + 1 points and 2(n + 1) lines through each point.
Therefore there exist (2n2 + 2n + l)(2)(n + 1) lines, not neces
sarily distinct.

How many times has a line been counted?

times, since there are n + 1 points on a line.

n + 1

So there are

2L. Mo Graves, "A Finite Bolyai-Lobechevsky Plane,”

American Mathatical Monthlyr LXIX (1962), 130-132.
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fen2 *

i^X»uUl

=

2(2n2 + 2n + 0

Theorem II
If

is a collection of 2n2 + 2n + 1 points satisfying

axioms Al, A2, A3, A^, and A5, and there are n + 1 points on a

line, then ? satisfies axiom A?.

If n>2, } satisfies axiom A6

as well.

Proof:

Since there are at least two points on each line by A2,

n cannot be 0, that is, n>l.
lines through a point.

2(n + 1) lines.

By theorem I, there are 2(n + 1)

Suppose

Through

there exist

Only n + 1 lines through £ meet

Therefore

there are n + 1 lines, through A parallel to a*
Now we shall prove A6 in the case where n>2.

Suppose

t C J* is a set such that there are three non-collinear points in

and f contains all points on lines that pass through any
pair of its points.

Suppose there exists a point

such that

Let X, X, and Z, be the three non-collinear points in jt.

/X,X/ Ct;

I^Cp,

and/X,Z/C^

Since /X,X/ has n + 1

points, connecting & to the points of /X,X/ gives n + 1 distinct

lines through

Note that none of these lines can intersect

/XJ/ or /J^/ except the lines /X,2/ and /X»S/ since, if one

did, it would be a line through a pair pf points of

fore &

Now connect £ to the points on /X,2/ •

and there

This gives n

more distinct lines (/X,Z/ has n + 1 points and /X,S/ has already
been counted) by the reasoning above.

of /Z»Z/»

Connect & to the points

This gives n - 1 more distinct lines (/X^l/ and

7

have already been counted).

Therefore there pass through &

This is a contradiction if n>2 since there

3n distinct lines.

are only 2n + 2 lines through & by hypothesis.

Theorem III
Let f be a set of points and lines satisfying Al,

A2, A3, A4, and A5»

If

has n + 1 points on a line, n^.1,

and through each point X not on a line X, there are n + 1 lines

that do not intersect X, then J^ has 2n

+ 2n + 1 points, and

A6 and A? are satisfied.
Proofs

Let X be a point not on a line X»
are n + 1 distinct lines that do not meet X*

Through X there

Connecting the

points of X to X gives n + 1 distinct lines through X that

meet X»

Obviously none of the lines through X that meet X can

intersect any of the lines through X that don’t meet X except

These are all the lines through X, and they are

at the point X»
all distinct.

Since every point of f along with X determines a

line through X» every point of f lies on one of these lines.
Therefore, since there are 2(n +1) lines with n distinct points

on each line, there are 2(n + l)(n) points not counting X, that
is, there are 2n

+ 2n + 1 points in

Now by theorem II and

the first example of a finite hyperbolic plane,

satisfies A6.

Since n>l, there are at least two lines through a point X not

on a line X that do not intersect X and A? is satisfied.

To exhibit the first series of finite hyperbolic planes,
the definition of a difference set will be needed.

8

Definition
If Q is a subset of the residues mod p, then
(xp Xg, .*•, x^) is a difference set for Q if, when <11 the

differences x^ - x^ are taken mod p, for i, J such that i

j,

Kisn, and l^rj^n, all the elements of Q are obtained exactly
once*

Note that if there exists a difference set (xp x^, •»., x^)
for the set Q, then Q must contain n(n - 1) elements since there
are n choices for Xj and n - 1 choices for x- in x^ - xp
It is a well known fact that if p is a prime of the

form 4m + 1, then there are exactly 2m quadratic residues mod p.

If there exists a difference set (x^, ..., x^) for the

quadratic residues mod p, denoted by Q, where p is of the form
4t + 1, then p = 2(m)(m - 1) + 1 and there exists a difference

ym _ g) for the quadratic residues

set of the form (0, 1, y^, .

mod p.
Proofs
The first part of the lemma is obvious from the notes

above the lemma*

If (xp

x^) is a difference set for Q,

then (X| - xp Xg - Xp ••*,

is also a difference set

for Q since (x^ - x^) - (x^ - x^) = x^ - x^ mod p»

Therefore

there exists a difference set of the form (0, Zp • ••, zm _ |)

for Q.

Q is. a multiplicative group*

(z± - z.s

z

[q(zi - Zj):

= 0,

0<iSn,

z0 “ 0,

Therefore if

O^jSn^

04i^n,

=

O^j^n]

Q, then

-

Q for q^Q.

9

z—“1

—1 z ,
If q = z-—1 , then /(0, 1, z7

• w

■*

is a difference

A

set for Q, that is, there exists a difference set of the form
(0, 1, yx, ...» ym _ 2) for Q.

Let Q denote the quadratic residues mod p.

If

(0, 1, x^, «»., x^) is a difference set for Q, then
(0, m, nx^y

is a difference set for the non-residues

where m is a non-residue.

Proof:

Q

- £x^ - Xj!

= 0, x^ = 1,

xq

O^i^n,

O^j^nJ .

mQ = non-residues since Q is a multiplicative subgroup of index 2.
mQ

a

(mx^ - mx^:

x$ = 0, x^ = 1,

0^i^.n9

0^j<n J .

Jhe2Z22LlI
Suppose there exists a difference set (0, 1, x^,
for the quadratic residues mod p where n£-2.

set for the non-residues by (0, m^, m^,

xn)

Denote the difference

m^).

If the residues

are considered as points and lines are given by
(0, 1, Xg, «•*,

(1, 2,

x^ + 1, • ••» x^ + 1), • ••,

(p - 1, 1 + p - 1, Xg + p - 1,
(0, m*,

m^), (1, mx + 1,

(p - 1, XQ| + p - 1,

Xjj + p - 1),

+ 1, ...» m^ + 1), ...»

mn + p - 1) considered as subsets ofthe

residues where the interior

of the parentheses are reduced mod pj

then the residues mod p form a finite hyperbolic plane»
Proof:

Let P denote the residues mod p»

are obviously satisfied®

Axioms Al, A2, and A3

Now suppose two distinct points A and B

10

For simplicity, suppose B>A and B - A is a quadratic

are given.

mod p for a particular j and i

Then B - A =

residue.

There exist r and s such that

such that IS j^n and l^iCn.

x,. + r 2 A mod p and x^ + s = B mod p.

+(s - r) mod p.

B - A — x^ + s - (x. + r) 2.

Therefore s - fSO mod p, that is,

3
sS r mod p.

Let s <p.

So

(S, S + 1, S + Xp ..., s + Xj, ...» s + x±, ..., s + xn) =
(s, s + 1, s + x., ..., A, ...» B, ...» s + x )
*•
n

is a line detenninecL by A and B.

the differences are constant.

Note that in the first set of

By this we mean, that if two elements

are taken from one line and two elements from corresponding
places are taken from another line, the differences are equal.

The same result holds in the second set of lines.

Therefore, if

B and A occur in a line (zp ..., A, ...» B, ..., zn), it must

be in the first set of lines since their difference is. a quadratic
residue and the difference between any two points of a line of

the second set is a non-residue.

first set are obviously distinct.

Also all of the lines in the
Therefore A and B determine

a unique line and axiom A4 is satisfied.

Claim:

are four points no three of which are collinear.

1, mp x^, and
Proof:

If

any two of these points are chosen, say 1 and mp then neither

of the other two can lie on the same line since if x^, for example,

were on this line, then m^ would not lie on the line (0, 1, ..., x^)
which is the only, line that 1 and xn lie on.

satisfied.

Therefore A5 is

2
Now, by lemma 1, there are 2n + 2n + 1 points.

construction there are n + 1 points on a line.

Therefore by

By

11

theorem II, A7 is satisfied.

Also if n>2, A6 is satisfied.

This completes the proof except for the case n = 2.

This case

will be considered in the first example of a finite hyperbolic
plane and A6 can be ground out manually.

Example of a finite hyperbolic plane -with three points on a line
(0, 1, 4) is a difference set for the quadratic residues

mod 13*

Let the residues mod 13 be the points of a plane

Lines

of f are given by:

( 0,
( 1,
( 2,
( 3,
(4,

1,
2,
I’
I:

6, 7,
( 7, 8,
( 8, 9,
( 9, 10,
(10, U,
(11, 12,
(12, 0,

4)
5)
6)
7)
8)
9)
10)
11)
12)
0)
1)
2)
3)

0,
1,
2,
3,
5,
6,
( 7,
( 8,
( 9,
(10,
(H,
(12,

2,
3,

5,
6,
7,
8,
9,
10,
11,
12,
0,
1,

8)
9)
10)
11)
12)
0)
1)
2)
3)
5)
6)
7)

By theorem IV, J? is a finite hyperbolic plane with three points

on a line.

Example of a finite hyperbolic plane with four points on a line
For n + 1 = 4, n = 3®

2n^ + 2n + 1 w 25*

difference set for the nonzero squares’of

a difference set for -the fourth power elements.
the residues mod 5*

There is no

)t but there is
Let F denote

Let F(w) denote GF(5^) where w is a root

of the irreducible polynomial x^ + 3.

Then +

1, 2w + l, 2w + 3

are fourth powers and (0, 1, 2w + 3) is a difference set for these

fourth powers.

(This could be used to give another example of

a finite hyperbolic plane with three points on a line.)

Let

12
Ho =

[

H| =

£w + 1,

Hg =

£w

®

4, 3w + 2, > + 3]

1, 2w + 3, 2w + 2,
2, 4w + 1,

3,

, 3w + 4, 2w + 4, 4w

{w + 2, 2w

,

, 2w + 1, 3w + 1}
, 4w + 2 j

w + 3» 4w + 3, 3»

H^, and

Ho is the set of fourth powers, and
cosets of HQ.

w + 4, 4w + 4*}

(0, 1, w + 3,

denote the

+ 3) is a difference set for

and (0, w + 1, w + 4, 4w) is a difference set for

H0U

H1U V

GF(52)
Let ? denote F(w) «
.

Let the lines of

be

given by;

(
(
(
(
(
( w
(2w
(>
(4w
( w
(2w
(>
(4w
( w
(2w
O
(4w
(w
(2w
(3w
(4w
( w
(2w
(3*
(4w

0,
1,
2,
3,

+
+
+
+
+
+
*
+
+
+
+
♦
+
*
+
+

>
,
,
,
1,
2,
3>
4,
2,
4,
1,
3,
3,
1,
4,
2,
4,
3,
2,
1,

1,
2,
3,

w
2w
3w
4w
w
2w
3w
4w
w
3w
4w

0,
1,
1,
1,
1,
2,
3,
4,
,
+ 3,
,
+ 2,
+
+
+
+
+
+
+

w + 4,
2w + 2,
3»
9
+ 3,
w
,
2w + 4,
3* + 3,
4w + 2,

w + 3, 3» + 3)
w + 4, 3w + 4)
)
w
> 3w
w + 1, 3w + 1)
w + 2, 3w ♦ 2)
2w + 3, 4w + 3)
3)
3w + 3,
4w + 3, w + 3)
3, 2w + 3)
2w + 4, 4w + 4)
0)
3w
,
4w + 1, w + 1)
2, 2w + 2)
)
2w
, 4w
2)
3w + 2,
4w + 4, w + 4)
0, 2w + 1)
2w + 1, 4w + 1)
4)
3w + 4,
4w + 2, w + 2)
)
0, 2w
2w + 2, 4w + 2)
1)
3w + 1,
w
)
2w + 4)

(
$
(
(
(
( w +
(2w +
(3» +
(4w +
( w
(2w
(3»
(4w
( w +
(2w +
(3w+
(4w +
( w +
(2w +
(3w +
(4w +
( w +
(2w +
0 +
(4w +

0,

2,
3»
1,
2,
3,
4,
»
,
,
,
2,
4,
1,
3,
3,
1,
4,
2,
4,
3,
2,
1,

w
w
w
w

+
+
+
+

1,
2,
3,
4,

w
»
2w + 2,
3»+ 3,
4w + 4,
0,
2w + 1,
> + 1,
4w + 1,
2w + 3»
3w
,
4w + 2,
2w + 4,
3w + 2,
4w
,
3,
2w
,
3w + 4,
4w + 3,
2,

w + 4, 4w
w
, 4w +
w + 1, 4w +
w f 2, 4w +
w + 3» 4w +
2w
,
3w + 1, w +
4w + 2, 2w’4
3, 3w +
2w + 4,
3w + 4, w
4w + 4, 2w
3*
2w + 1,
> + 3, w +
4w
, 2w +
2, 3w +
2w + 2,
3w
, w +
4w + 3> 2w +
3w +
2w + 3,
> + 2, w +
4w + 1, 2w +
0, 3w +

Then the proof of theorem IV can be slightly adapted to prove
f is a finite hyperbolic plane with four points on a line.

Example of a finite hyperbolic planewith five points on a line
For n + 1 = 5, n = 4.

2

2n

+ 2n + 1 = 41.

There is

)
1)
2)
3)
4)
1)
2)
3)
4)
0)
)
)
)
2)
4)
1)
3)
3)
1)
4)
2)
3)
2)
1)
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no difference set for the quadratic residues mod 41.
Let Hp fig, and

denote the fourth power residues.

Let Ho

denote

the cosets of Ho as below.
Ho =

[+

1,

4, 10, 16, 18^

=

{+

2,

5,

% 8

[t

3,

7, 11, 12, 13}

H3 *

[+

6,

14, 15, 17, 19]

8,

9, 20]

(0, 1, 4, 11, 29) is a difference set for Hq

is a difference set for

UHy

(0, 2, 8, 17, 22)

Let f denote the residues mod 41.

lines of f are given by:
( 0, 1, 4, 11,
( 1, 2, 5, 12,
( 2, 3, 6, 13,
(3, 4, ?, 14,
( 4, 5, 8, 15,
( 5, 6, 9, 16,
( 6, 7, 10, 17,
( 7, 8, 11, 18,
( 8, 9, 12, 19,
( 9, 10, 13, 20,
(10, 11, 14, 21,
(11, 12, 15, 22,
(12, 13, 16, 23,
(13, 14, 17, 24,
(14, 15, 18, 25,
(15, 16, 19, 26,
(16, 17, 20, 27,
(17, 18, 21, 28,
(18, 19, 22, 29,
(19, 20, 23, 30,
(20,21,24,31,
(21, 22, 25, 32,
(22, 23, 26, 33,
(23, 24, 27, 34,
(24, 25, 28, 35,
(25, 26, 29, 36,
(26, 27, 30, 37,
(27, 28, 31, 38,
(28, 29, 32, 39,
(29, 30, 33, 40,
(30, 31, 34, 0,
(31, 32, 35, 1,
(32, 33, 36, 2,

29)
30)
31)
32)
33)
34)
35)
36)
37)
38)
39)
40)
0)
1)
2)
j)
4)
5)
6)
7)
8)
?)
10)
11)
12)
13)
14)
15)
16)
17)
18)
19)
20)

( 0, 2, 8, 17,
( 1, 3, 9, 18,
( 2, 4, 10, 19,
( 3, 5, 11, 20,
( 4, 6, 12, 21,
( 5, 7, 13, 22,
( 6, 8, 14, 23,
( 7, 9, 15, 24,
( 8, 10, 16, 25,
( 9, H, 17, 26,
(10, 12, 18, 27,
(11, 13, 19, 28,
(12, 14, 20, 29,
(13, 15, 21, 30,
(14, 16, 22, 31,
(15, 17, 23, 32,
(16, 18, 24, 33,
(17, 19, 25, 34,
(18, 20, 26, 35,
(19, 21, 27, 36,
(20,22,28,37,
(21, 23, 29, 38,
(22, 24, 30, 39,
(23, 25, 31, 40,
(24, 26, 32, 0,
(25, 27, 33, 1,
(26, 28, 34, 2,
(27, 29, 35, 3,
(28, 30, 36, 4,
(29, 31, 37, 5,
(30, 32, 38, 6,
(31, 33, 39, 7,
(32, 34, 40, 8,

22)
23)
24)
25)
26)
27)
28)
29)
30)
31)
32)
33)
34)
35)
36)
37)
38)
39)
40)
0)
D
2)
3)
4)
5)
6)
7)
8)
9)
10)
11)
12)
13)

14

(33, 34,
(34, 35,
(35, 36,
(36, 37,
(37, 38,
(38,39,
(39, 40,
(40, 0,

37, 3,
38, *,
39, 5,
40, 6,
0, 7,
1, 8,
2, 9,
3, 10,

21)
22)
23)
24)
2$)
26)
27)
28)

f is then a finite hyperbolic plane.

(33,
(34,
(35,
(36,
(37,
(38,
(39,
(40,

35,
36,
37,
38,
39,
40,
0,
1,

0,
1,
2,
3,
4,
5,
6,
7,

9,
10,
11,
12,
13,
14,
15,
16,

14)
15)
16)
17)
18)
19)
20)
21)

This is. also an example

of a finite hyperbolic plane which is not Pappusian.

This

is clear if the points;
A = 0
B = 4
C = 11

A* = 2
B* = 3
C’ = 13

and the lines:

.

( 0,
( 2,»

1,
3,

4, 11, 29)
6, 13, 31)

are considered.

From the proof of theorem IV and the above examples,
if there exists a difference set for
io

ii»

th
The m
power residues of GF(p)

or

XV
The m
power residues of GF(p) along with any combination
of the cosets of the
power residues

and a difference set or difference sets for the complement
residues, then a finite hyperbolic plane can be obtained.
Now suppose a finite hyperbolic plane is sought with

n + 1 points on a line, and- one is hoped to ba found by this
method.

If the first part of this method is used and a. difference
XJ^

set with n + 1 points is found for the q
GF(p),

q>2, then p = q(n)(n + 1).

power residues of

For n + 1 - 6, choices

th
of q
power residues for which difference sets might exist
include:
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quadratic residues mod 61
fourth power residues of GF(ll2)

fifth power residues mod 151
sixth power residues mod 181
seventh power residues mod 211

th
For n + 1 = 7, choices of q
power residues for which difference
sets might exist include;

cubic residues mod 127
0
fourth power residues of GF(13 ;
fifth power residues mod 211

th

For n + 1 » 8, choices of q

power residues for which difference

sets might exist include:

quadratic residues mod 113
cubic residues of GF(13Z)

fifth power residues, mod 281
All of these were investigated, and no difference set exists <>
If the second part of the method is used, some of the

possibilities are as follows:
for
for
for
for

n
n
n
n

+
+
+
+

1
1
1
1

«
=
=

5,
6,
6,
?s

twelfth power residues and two cosets of GF(112)
fourth power residues and onw coset mod 61
eighth power residues and one coset of GF(112)
sixth power residues and one coset mod 127*

These were investigated, and no difference set exists.
It might be interesting to note that a difference set

does exist for the sixth power residues and two cosets mod 61,

but no difference set for the complement residues was foundo
Let p be a fixed prime of the form 2r2 + 2r + 1»

= {x2:

0^ =

(x2:

x2 - 1 = y2 mod p for some y}
x2€q1,

x2£Qp and x2 - x2 = y2 mod p for some y}

in generals

= {x2;

Define:

x2, x2^^ for

x

0£i<n and x2,

2
2?
J
- xn s y mod p for some y } •
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Note that once 0, 1 are in a difference set for the quadratic
residues, the possible choices for another element of the

difference set are exactly the elements of Qp

once 0, 1, xQ,

In general,

xn are in the difference set, the choices

for another element of the difference set are exactly the elements
of

Using this notation, the above investigations lead to

a conjectures

gffn.lSgture
The number of elements in(L
is less than or
n + 1
equal to one half the number of elements in Q

As a conse

quence, there exists no difference set for the quadratic residues

of a large prime, p.

CHAPTER TWO

The purpose of this chapter is to present a resume
of previous work done on finite hyperbolic planes.

A method of constructing a finite hyperbolic plane

4
was presented by T. G. Ostrom.

This method is similar to the

method of obtaining a hyperbolic geometry from a projective
geometry by taking the interior of. a closed curve in the pro

jective geometry as a-hyperbolic plane.

The following is an

outline of Ostrom* s method and results.
Let / be a projective plane with n + 1 points on a line,

where n is odd.

Definition

/ is said to be an oval if and only if

is a set of

n + 1 points 9 and no three points of f are collinear.

A line which contains exactly one point of

is called

a tangent line.

A line containing two points of jf is called a secant line.

1 To G. Ostrom, "Ovals and Finite Bolyai-Lobachevsky Planes,”
American. Mathematic al Monthly. LXIX (1962), 899-901.
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Definition

A line which contains no points of

is called an

exterior line.

Theorem
The plane

is split up into three disjoint classes:

the points of f (all of which lie on exactly one tangent line),

the exterior points (which lie on exactly two tangent lines), and
the interior points (which lie on no tangent line).

Theorem
There are in(n + 1) interior points.

contains Kb - 1) interior points..

Each secant line

Each exterior line contains

t(n + 1) interior points.

tea
If $ is the set of interior points, of f and if lines
of $ are defined to be the intersection of exterior and secant

lines of

with 0, then all the axioms of a finite hyperbolic

plane, except a6, are satisfied.

If n^ 1 mod 8, then

If n^7, then A6 is satisfied.

is G-homogeneous.

It is interesting to. note that $ is not T-homogeneous

since there are two kinds of lines of

one with f(n - 1) points

on a line and the other with % (n + 1) points on a line.

R. Sandler, in ’’Finite Homogeneous Bolyai-Lobachevsky
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Planes,”

planes.

o

presented a method for constructing finite hyperbolic
The following is a list of his results and an outline

of his method.
Let f be a finite projective plane with n + 1 points

on a line, where n
by removing from

Let

G

be the set of points obtained

all of the points contained in lines Ip ig,

and I3 of f which do not intersect in a common point.

of

The lines

are defined as the lines of f with the points of Ip Ip

and Xj removed.

Theorem

is contained in n + 1 lines of

Every point of f
o
Theorem

Every line of

contains either n - 1 or n - 2 points

of ?0 depending on Whether a line of

considered as a line of

f contains an intersection of two of the ip

i ^3*

Two distinct points determine a unique line.

Theorem

Through each point &
pass at least two lines of

not on a. line £ C?o there

which do not intersect

From the above theorems, fQ is a finite hyperbolic
plane.

Sandler, "Finite Homogeneous Bolyai-Lobachevsky Planes,"
American Mathematical Monthly. LXX (1963)9 853-855*
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Theorem
If

is Desarguesian, the

is G-homogeneous.

D. W. Crowe devised an interesting method of constructing
finite hyperbolic planes which was presented in “The Trigonometry
of GF(22n) and Finite Hyperbolic Planes.

This work deals not

only with hyperbolic planes but also with the trigonometry of
GF(2

The following is a resume' of the part of his paper

).

dealing with the construction of finite hyperbolic planes.

Let q = 2n.

Let GF(q2) denote the field with 22n

Let f be an automorphism of GF(q ) such that f(z) = z •

elements.

z conjugate, denoted by z, is such that z = z%

Definition

r 6 GF(q2) is a real element if r ss

Note that the real elements constitute a subfield which
will be denoted GF(q).

A circle with center c and radius r is defined to be

the set of all z such that (z - c)(z - c) = r2o

Theorem
The points of the unit circle, zz = 1 are the q + 1

-^Do Wo Crowe, “The Trigonometry of GF(22n) and Finite

Hyperbolic Planes,” Mathematika. XI (196^), 83-88.
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distinct powers of 5 “

1 where

is a generator of the

nonzero multiplicative group, denoted by GF*(q2), of GF(q2).

In the following, let K =

X + T •

Note that 1 is

the only real element among the powers of S.

2
2
Each of the q - 1 nonzero elements of GF(q ) has a
unique representation in the form z = r

where r is real and

0 - j^q.

fiefinitioq
If z = r $3, where r is real and O£j£q, then

\z\ = r and arg z = j.
From the above definition, it is clear that ^zl - V”zz .

Definition

A line containing a point zo is defined to be the set
of all z such that z- z0 = r^ for a fixed j.

It is easy to show that a line is independent of the

choice of z .
o

Theorem
The set of z such that z = x + y, ax + by = c, and

a, b, c^GF(q) is a line.
is a line.

The set of all z such that cz + cz =

= 0 if the line is to contain 0.

/$ = 1 otherwise.

Definition
Two circles are said to be tangent if and only if they

22

have exactly one point in common.

Definition
A line is tangent to a circle if and only if it passes

through the center of the circle.

In the sequel, let F denote the unit circle

The circles tangent to

f* are exactly those with equation

of the form zz + cz + cz + 1 = 0 where c
of tangency.

0.

is the point

The improper circles, that is, lines, tangent to

F*

are of the form cz + cz « 0.

Definition
The inverse of z

0. with respect to F is defined

to be z"1.

Theorem
The circles and lines tangent to F through z

0

all contain the inverse of z with respect to F .

Corollarv
If the self inverse point of tangency is omitted,

the remaining q points occur in q/2 pairs, [ z, z“M .

Corollarv
If the plane is augmented by a point

and £o, o-^is

allowed to denote the inverse pair, then the points of a tangent

line through 0 also occur in q/2 inverse pairs.
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Theorem
Given any point a0 on f and any point % £ C ,

there is exactly one circle through zo tangent to

C at aQ.

Let f be the set of all inverse pairs for every circle

tangent to f and every, line tangent to IT at 0.

Let a line of

f be the set of all pairs on any one proper or improper tangent

circle.

Note that the above theorem gives that there are q + 1

lines of f through each point of

Theorem
is a finite hyperbolic plane if q^ 7»

Theorem
f is both T-homogeneous and G*-homogeneous.

The final method of constructing a finite hyperbolic

plane to be considered in this paper is due to Esther Seiden.
The following is an outline of her method as presented in

"On a Method of Construction Of Partial Geometries and Partial
h,
Bolyai-Lobachevsky Planes."

Definition

A partial geometry is a system of undefined points
and lines with an undefined incidence relation satisfying:

^Esther Seiden, "On a Method of Construction of Partial
Geometries and Partial Bolyai-Lobachevsky Planes," Michigan State
University Technical Report Number 5. (1964), 1-6.
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1.

Any two points are incident -with no more than one
line.

2.

Each point is incident with r lines.

3.

Each line is incident with k points.

4.

If a point £ is not incident with the line X,
there pass through £ exactly t lines (t?l)

intersecting 1.

Let 0 be a projective plane of order 2h which possesses

an oval consisting of 2h + 2 points.

(It is well known that

a Desarguesian, plane of order 2h = 2 , m a positive integer
greater than 1, possesses an oval consisting of 2h + 2 points.)

A nonintersector is a line that possesses no points of
the oval.

Definition

A secant is a line which contains two points of the oval.

Theorem
If the points of the oval are removed from the secant

lines, then these lines form a partial geometry.

If the points of the oval, are removed from the secant

lines, then the nonintersectors form a partial geometry.

The partial geometry of the nonintersectors has

2h

- h lines, h lines through a point, and 2h + 1 points on

25

a line.

If a point £ is not on a line X, there are h lines through

£ which intersect

Definition

where

The dual of a geometry f is a new geometry
the lines of f* are the points of

and the points of /* are

the lines of

Theorem
The dual of the partial geometry of the nonintersectors
is again a partial geometry.

The dual of the partial geometry of the nonintersectors
is a partial finite hyperbolic plane if h>3.

J&22Z2BI
Let J6 denote the dual partial geometry of the partial
geometry of the nonintersectors.

2
4h - 1 lines.

.
2
f has 2h - h points,

The number of points on a line is h.

2h + 1 lines through each point.

.
f has

There are

Through each point £ not on a

line £, there pass h + 1 lines parallel to

Note that f is T-homogeneous by th above theorem.

Theorem
If the original projective plane is Desarguesian. and

the oval used for construction consists of a conic and its center,
where a conic is comprised of the 2m + 1 points satisfying

2
2
ax + by

2
+ cz

+ fyz + gxy

hxz = 0, and its center is the

26

intersection of the points of tangency, then the partial finite

hyperbolic plane obtained is G-homogeneous.
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